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Abstract
In an increasingly polarized world, demagogues who reduce complexity down to simple
arguments based on emotion are gaining in popularity. Are opinions and online discussions
falling into demagoguery? In this work, we aim to provide computational tools to investigate
this question and, by doing so, explore the nature and complexity of online discussions and
their space of opinions, uncovering where each participant lies.
More specifically, we present a modeling framework to construct latent representations
of opinions in online discussions which are consistent with human judgements, as measured
by online voting. If two opinions are close in the resulting latent space of opinions, it is
because humans think they are similar. Our modeling framework is theoretically grounded
and establishes a surprising connection between opinions and voting models and the sign-
rank of a matrix. Moreover, it also provides a set of practical algorithms to both estimate
the dimension of the latent space of opinions and infer where opinions expressed by the
participants of an online discussion lie in this space. Experiments on a large dataset from
Yahoo! News, Yahoo! Finance, Yahoo! Sports, and the Newsroom app suggest that unidi-
mensional opinion models may often be unable to accurately represent online discussions,
provide insights into human judgements and opinions, and show that our framework is able
to circumvent language nuances such as sarcasm or humor by relying on human judgements
instead of textual analysis.
1 Introduction
People join online discussions to, on the one hand, express their own opinions and, on the other
hand, approve and disapprove the opinions expressed by others. In this context, there is a
wide variety of online platforms that enable their users to approve or disapprove each others’
comments explicitly using, e.g., upvotes and downvotes. Here, whenever a user upvotes or
downvotes a comment in an online discussion, she reveals the relative position of her opinion
with respect to the opinion expressed in the comment in a latent space of opinions. By leveraging
this observation from multiple comments, upvotes and downvotes, our goal is to investigate the
nature and complexity of an online discussion and its space of opinions, uncovering where each
participant lies.
There is a long history of theoretical models [3, 16, 17, 37, 38] and empirical studies [9, 10,
11, 14, 15, 26, 30] of opinions. However, most of this previous work has reduced (potentially)
complex opinions down to real-valued numbers—they have assumed that opinions lie on the
real line. While a unidimensional space of opinions may be sufficient to coarsely characterize
people into, e.g., left leaning vs right leaning or liberals vs conservatives, they may be lacking
at accurately representing complex, multisided opinions in an online discussion. In fact, if such
opinions are multisided, a unidimensional representation of opinions will be unable to explain
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Figure 1: Our modeling framework. From left to right, given a (toy) online discussion with
a set of comments C and voters V, our framework maps the upvotes and downvotes into a
partially observed sign matrix S. Within S, each row corresponds to a comment and each
column corresponds to a voter. Each +1 entry indicates that the voter upvoted the comment,
−1 indicates that she downvoted the comment, and ? indicates that the voter did not vote.
Then, the framework represents the opinions expressed in the comments and those held by the
voters as r-dimensional real-valued vectors lying in the same latent space of opinions. Finally,
it provides a set of practical algorithms to both estimate the dimension r of the latent space of
opinions as well as infer the vectors of opinions which are consistent with the partially observed
sign matrix S.
many common voting patterns under some of the most popular voting models, as we will show
in Section 2. That being said, there are two notable exceptions—aspected oriented sentiment
analysis [24, 8] and collaborative filtering based on matrix factorization [5, 21, 23]. The former
relies heavily on ad hoc methods and textual analysis for determining the sides in online reviews
rather than on human judgments as we do. The latter aims to predict users’ tastes (or ratings)
about a set of items (e.g., movies) based on a partial observation of user-items ratings. While
it typically considers multiple sides (or factors), it differs from our work in several key aspects.
First, users and items typically lie in two different latent spaces while, in our work, comments
and voters lie in the same latent space. Second, it determines the number of dimensions (sides)
of the latent spaces empirically (e.g., using cross validation). This is in contrast with our
work, which determines the dimension from first principles. Finally, most approaches consider
real-valued ratings while we consider (binary) votes.
Current work. Given an online discussion consisting of a set of comments, which are upvoted
and downvoted by a set of voters, we first introduce a latent multidimensional representation
of the opinions expressed in the comments and the opinions held by the voters. Then, we
propose two voting models, one deterministic and another probabilistic, which leverage the
above multidimensional representation to characterize the voting patterns within an online
discussion. Under this characterization, it becomes apparent that the dimension of the latent
space of opinions is a measure of complexity of the online discussion—along how many different
axis can the opinions expressed in the comments and the opinions held by the voters differ.
The representation of opinions in this latent space of opinions has a remarkable property: if
two opinions are close (far away) in the latent space it is because the voters—the crowd—think
that they are similar (dissimilar). Such a property may not hold for other representations of
the opinions, e.g., those based only on the textual data in the comments [22, 29] because of
nuances in the use of language. Motivated by these observations, we develop1:
(i) A polynomial time algorithm to determine an upper bound on the minimum dimensionality
that a latent space of opinions needs to have so that they are able to explain a particular
voting pattern under the deterministic voting model.
1Implementation at https://github.com/Networks-Learning/discussion-complexity.
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(ii) An inference method based on quantifier elimination to recover the latent opinions from
the observed voting patterns under the deterministic voting model.
(iii) An inference method based on maximum likelihood estimation to recover the latent opinions
from the observed voting patterns under the probabilistic voting model.
Finally, we experiment with a large dataset from Yahoo! News, Yahoo! Finance, Yahoo!
Sports, and the Newsroom app, which consists of one day of online discussions about a wide
variety of topics. Our analysis yields several interesting insights. We find that only ∼25%
of the online discussions we analyzed can be explained using a unidimensional representation
of opinions, ∼60% of them require a two dimensional representation, and the remaining ones
require a greater number of dimensions. This provides empirical evidence that, to provide
opinions representations that are coherent with human judgements, it may be often necessary
to move beyond one dimension. The presence of multisided opinions is an indication that the
discussion may not be falling prey to demagoguery. Such finding is also supported by a positive
correlation between the dimension of a discussion and its linguistic diversity. Moreover, the
estimated r-dimensional opinions allow us to predict upvotes/downvotes in a discussion more
accurately than a state of the art matrix factorization method [25] and a logistic regression
classifier [28]. In this context, whenever an online discussion can be represented using one
dimensional opinions, the deterministic model achieves higher predictive performance than the
probabilistic model. However, for discussions with multisided opinions, the probabilistic model,
which allows for noisy voting, provides more accurate predictions. This suggests that, whenever
humans face more complex discussions, their judgements become less predictable. Moreover, we
find a positive correlation between the complexity of the discussions and the level of agreement
among comments. Lastly, by looking at particular examples of online discussions, we show that
our modeling framework, by relying on human judgments, may be able to circumvent language
nuances like sarcasm and humor, which are often difficult to detect using natural language
processing. The examples will also illustrate how the dimensions uncover the different sides of
the discussion.
2 Modeling Opinions and Votes
At the very outset, the underlying mechanism behind voting on online discussions is fairly
commonplace and straight-forward. Every time a user expresses an opinion by posting a new
comment in an online discussion, other users can upvote (downvote) the comment to indicate
that they agree (disagree) with the expressed opinion.
In this context, whenever a user upvotes or downvotes a comment, she reveals the relative
position of her opinion with respect to the opinion expressed in the comment. By leveraging
this observation to multiple comments, upvotes and downvotes, our modeling framework will
be able to infer the relative positioning of comments in an online discussion, as judged by the
crowd. Moreover, by doing so, it will also find a meaningful joint latent representation for the
opinions expressed in an online discussion as well as the opinions held by the users who voted.
In the remainder of the section, we formally introduce our modeling framework, starting from
the data it is designed for.
Online voting data. We observe an online discussion consisting of a set of comments C which
are upvoted and downvoted by a set of voters V. Here, we keep track of who voted what by
means of the variables yij = { ↑ , ↓ , ◦}, which indicate that voter j ∈ V upvoted, downvoted, or
did not vote on comment i ∈ C, respectively. Then, we define a (partially) observed sign matrix
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S = [sij ], where each (i, j)-th entry is given by
sij =

+1 if yij = ↑
−1 if yij = ↓
? if yij = ◦,
(1)
the sign ? indicates that the voter did not vote and, thus, we cannot know whether she agrees
(or disagrees) with the comment. We denote by Ω the set of indexes where we have observations,
i.e., Ω = {(i, j) | sij 6= ?}. Figure 1 illustrates the above definitions for a given toy example.
Next, we introduce our multidimensional representation of the opinions expressed in the
comments and those held by the voters and then elaborate on our voting model, which relates
these opinions to the observed voting data.
Opinion representation. Unidimensional (scalar) real-valued representations of opinions have
been used most commonly in the literature, owing largely to their interpretability, following the
example set by the seminal works of DeGroot [13] and Rowley [33]. Thus, we could think of
using such unidimensional representation of opinions in our work. However, under that choice,
we would be unable to explain certain voting patterns illustrated below, which are common in
many online discussions.
Given an online discussion, assume we represent the opinions expressed in each comment
i ∈ C as ci ∈ R and the opinion held by voter j ∈ V as vj ∈ R. Now, we elaborate separately
on two of the most popular voting models in the literature [27]: the proximity model and
the directional model. Under the proximity model, the voters use the Euclidean distance as a
similarity measure and decide to cast an upvote if |vj − ci| ≤ θ, where θ is a threshold, and
a downvote otherwise. Now consider the voting pattern 1 in Figure 2a. It is easy to show
that there are no real-valued scalar opinions v1, v2, v3 and c1, c2, c3 leading to such a voting
pattern: assume that v1 ≤ v2 ≤ v3 (as the pattern is symmetric, we can always relabel the
voters and comments to make this true) and c2 < v2. Then |v2 − c2| > θ =⇒ v2 > c2 + θ, and
|v3 − c2| ≤ θ =⇒ v3 ≤ c2 + θ. This contradicts the assumption that v2 ≤ v3. We arrive at a
similar contradiction with the assumption c2 > v2.
Under the directional model, the voters use the dot product as a similarity measure and
decide to cast an upvote if vj · ci ≥ 0 and a downvote otherwise. Here, consider the voting
pattern 2 in Figure 2b. Again, it is easy to show that there are no real-valued non-zero scalar
opinions v1, v2, v3 and c1, c2, c3 leading to such a voting pattern. The first row requires v1 ·c1 ≥ 0
and v2 · c1 < 0, which implies sign(v1) 6= sign(v2). However, the second row requires v1 · c2 ≥ 0
and v2 · c2 ≥ 0, which implies sign(v1) = sign(v2) and this leads to a contradiction.
Motivated by the above examples, given an online discussion, we represent the opinions
expressed in the comments and those held by the voters as r-dimensional real-valued vectors
lying in the same latent space. More formally, we represent the opinion expressed in each
comment i ∈ C as ci ∈ Rr and we stack all these opinions into a matrix C, in which the i-th row
corresponds to the opinion cTi . Similarly, we represent the opinions held by each voter j ∈ V
as vj ∈ Rr and stack all these opinions into a matrix V , in which the j-th row corresponds to
the opinion vTj . Here, one can think of the dimension r as a measure of the complexity of the
online discussion—along how many different axes can the opinions expressed in the comments
and the opinions held by the voters differ. Figure 1 illustrates the above definitions using a toy
example.
Voting model. Given a comment i which expresses an opinion ci and a voter j who holds
an opinion vj , we introduce two voting models, one deterministic and another probabilistic,
inspired by the directional model of voting discussed above.
4
← V →
1 2 3
←
C→
1 ↓ ↑ ↑
2 ↑ ↓ ↑
3 ↑ ↑ ↓
(a) Voting pattern 1
← V →
1 2 3
←
C→
1 ↑ ↑ ↑
2 ↑ ↓ ↑
3 ↑ ↑ ↑
(b) Voting pattern 2
Figure 2: Examples of unfeasible voting patterns under the proximity and directional voting
models with unidimensional (scalar) real-valued representation of opinions.
— Deterministic voting model: In this model, we can uniquely determine each vote yij from
the comment’s opinion ci and voter’s opinion vj by means of the following deterministic rule:
yij =
{
↑ if 〈ci,vj〉 ≥ 0
↓ if 〈ci,vj〉 < 0.
(2)
In the above rule, the vote yij depends on the angle between the opinion vectors ci and vj—if
the angle is greater (less) than 90◦, i.e., ci and vj lie in the same (different) half-plane in the
latent space, then yij = ↑ (↓).
Under this voting model and a partially observed sign-matrix S derived from votes using
Eq. 1, two natural question emerge:
(i) What is the minimum dimension r of the latent space needed to recover the observed entries
in S from the above decision rule without errors?
(ii) Once we know the minimum dimension r, can we infer the opinion vectors ci and vj?
We will answer both questions affirmatively in Section 3 and 4, respectively.
— Probabilistic voting model: In the definition of our deterministic model, we have implicitly
assumed that voters do not make any errors while casting their votes. However, this assumption
might be rather restrictive in some scenarios. To overcome this, we also propose a probabilistic
voting model in which votes are binary random variables Yij , and,
P[Yij = yij ] = p(yij) =
1
1 + exp(−sij 〈ci,vj〉) , (3)
where sij = +1 if yij = ↑ and sij = −1 if yij = ↓. Similarly, as in the case of the deterministic
model, we will propose a method to infer the opinion vectors ci and vj under this model in
Section 4. In doing so, we will make the assumption that all the latent opinions are finite, i.e.,
∃α > 0. ||C||∞ ≤ α ∧ ||V ||∞ ≤ α.
Remark. In the above model definitions, we opt for a similarity metric based on dot products
because the euclidean distance, used in the proximity model, does not scale well with increasing
dimensionality: the relative volume of the opinion space where a voter will cast an upvote is
proportional to (θ/α)r where θ is the threshold for the user, r is the dimension of the latent
space and α is the upper bound on the opinion values.
3 Complexity of Online Discussions
In this section, we present an algorithm which can determine an upper bound on the minimum
dimension r that a latent space of opinions needs to have so that C and V are able to explain
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<latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1 GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45Kxa LwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EUkEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYa hmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</l atexit><latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1 GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45Kxa LwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EUkEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYa hmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</l atexit><latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1 GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45Kxa LwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EUkEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYa hmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</l atexit><latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1 GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45Kxa LwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EUkEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYa hmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</l atexit>
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2
<latexit sha1_base64="yFBPWqrgMsR62BpVLHgU00/JHHQ=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoICWpgm6EohuXFewDmlAm00k7dCYJMzdqCVm48VfcuFDErR/hzr9x+lho64ELh3Pu5d57/JgzBbb9beSWlldW1/LrhY3Nre0dc3evqaJEEtogEY9k28eKchbSBjDgtB1LioXPacsfXo391h2VikXhLYxi6gncD1nACAYtdc2iGws/vc9coA/gB2nZTZ3jEzc7uqhmXbNkV+wJrEXizEgJzVDvml9uLyKJoCEQjpXqOHYMXoolMMJpVnATRWNMhrhPO5qGWFDlpZMnMutQKz0riKSuEKyJ+nsixUKpkfB1p8AwUPPeWPzP6yQQnHspC+MEaEimi4KEWxBZ40SsHpOUAB9pgolk+laLDLDEBHRuBR2CM//yImlWK45dcW5OS7XLWRx5VEQHqIwcdIZq6BrVUQMR9Iie0St6M56MF+Pd+Ji25ozZzD76A+PzBwC2l6Q=</latexit><latexit sha1_base64="yFBPWqrgMsR62BpVLHgU00/JHHQ=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoICWpgm6EohuXFewDmlAm00k7dCYJMzdqCVm48VfcuFDErR/hzr9x+lho64ELh3Pu5d57/JgzBbb9beSWlldW1/LrhY3Nre0dc3evqaJEEtogEY9k28eKchbSBjDgtB1LioXPacsfXo391h2VikXhLYxi6gncD1nACAYtdc2iGws/vc9coA/gB2nZTZ3jEzc7uqhmXbNkV+wJrEXizEgJzVDvml9uLyKJoCEQjpXqOHYMXoolMMJpVnATRWNMhrhPO5qGWFDlpZMnMutQKz0riKSuEKyJ+nsixUKpkfB1p8AwUPPeWPzP6yQQnHspC+MEaEimi4KEWxBZ40SsHpOUAB9pgolk+laLDLDEBHRuBR2CM//yImlWK45dcW5OS7XLWRx5VEQHqIwcdIZq6BrVUQMR9Iie0St6M56MF+Pd+Ji25ozZzD76A+PzBwC2l6Q=</latexit><latexit sha1_base64="yFBPWqrgMsR62BpVLHgU00/JHHQ=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoICWpgm6EohuXFewDmlAm00k7dCYJMzdqCVm48VfcuFDErR/hzr9x+lho64ELh3Pu5d57/JgzBbb9beSWlldW1/LrhY3Nre0dc3evqaJEEtogEY9k28eKchbSBjDgtB1LioXPacsfXo391h2VikXhLYxi6gncD1nACAYtdc2iGws/vc9coA/gB2nZTZ3jEzc7uqhmXbNkV+wJrEXizEgJzVDvml9uLyKJoCEQjpXqOHYMXoolMMJpVnATRWNMhrhPO5qGWFDlpZMnMutQKz0riKSuEKyJ+nsixUKpkfB1p8AwUPPeWPzP6yQQnHspC+MEaEimi4KEWxBZ40SsHpOUAB9pgolk+laLDLDEBHRuBR2CM//yImlWK45dcW5OS7XLWRx5VEQHqIwcdIZq6BrVUQMR9Iie0St6M56MF+Pd+Ji25ozZzD76A+PzBwC2l6Q=</latexit><latexit sha1_base64="yFBPWqrgMsR62BpVLHgU00/JHHQ=">AAACBHicbVDLSsNAFJ3UV62vqMtugkWoICWpgm6EohuXFewDmlAm00k7dCYJMzdqCVm48VfcuFDErR/hzr9x+lho64ELh3Pu5d57/JgzBbb9beSWlldW1/LrhY3Nre0dc3evqaJEEtogEY9k28eKchbSBjDgtB1LioXPacsfXo391h2VikXhLYxi6gncD1nACAYtdc2iGws/vc9coA/gB2nZTZ3jEzc7uqhmXbNkV+wJrEXizEgJzVDvml9uLyKJoCEQjpXqOHYMXoolMMJpVnATRWNMhrhPO5qGWFDlpZMnMutQKz0riKSuEKyJ+nsixUKpkfB1p8AwUPPeWPzP6yQQnHspC+MEaEimi4KEWxBZ40SsHpOUAB9pgolk+laLDLDEBHRuBR2CM//yImlWK45dcW5OS7XLWRx5VEQHqIwcdIZq6BrVUQMR9Iie0St6M56MF+Pd+Ji25ozZzD76A+PzBwC2l6Q=</latexit>
w
({3,2})=
3
<latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgV pCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWum bBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJojEmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYisc SJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit><latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgV pCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWum bBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJojEmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYisc SJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit><latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgV pCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWum bBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJojEmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYisc SJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit><latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgV pCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWum bBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJojEmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYisc SJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit>
v1 v2 v3 v4
<latexit sha1_base64="MguOn8RG/Q5NX28997L AYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuFhUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv 8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ 4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPBQsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3J xXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyH Ck1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpRzpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3Xld dKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</late xit><latexit sha1_base64="MguOn8RG/Q5NX28997L AYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuFhUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv 8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ 4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPBQsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3J xXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyH Ck1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpRzpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3Xld dKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</late xit><latexit sha1_base64="MguOn8RG/Q5NX28997L AYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuFhUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv 8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ 4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPBQsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3J xXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyH Ck1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpRzpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3Xld dKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</late xit><latexit sha1_base64="MguOn8RG/Q5NX28997L AYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuFhUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv 8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ 4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPBQsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3J xXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyH Ck1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpRzpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3Xld dKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</late xit>c1
<latexit sha1_ba se64="QK6NsrrRd4bUJE6EMa0W5V3Y1T E=">AAAB6nicdVDLSgMxFM34rPVVdek mWARXQ1KHtu6KblxWtA9oh5JJM21oJjM kGaEM/QQ3LhRx6xe582/MtBVU9MCFwz n3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t 5+6eCwreNUUdaisYhVNyCaCS5Zy3AjW DdRjESBYJ1gcpX7nXumNI/lnZkmzI/IS PKQU2KsdEsHeFAqI/eiXq14VYhchGq4 gnNSqXnnHsRWyVEGSzQHpff+MKZpxKSh gmjdwygxfkaU4VSwWbGfapYQOiEj1rN UkohpP5ufOoOnVhnCMFa2pIFz9ftERi Ktp1FgOyNixvq3l4t/eb3UhHU/4zJJDZ N0sShMBTQxzP+GQ64YNWJqCaGK21shH RNFqLHpFG0IX5/C/0m74mLk4huv3Lhcx lEAx+AEnAEMaqABrkETtAAFI/AAnsCz I5xH58V5XbSuOMuZI/ADztsnS8GNzQ== </latexit><latexit sha1_ba se64="QK6NsrrRd4bUJE6EMa0W5V3Y1T E=">AAAB6nicdVDLSgMxFM34rPVVdek mWARXQ1KHtu6KblxWtA9oh5JJM21oJjM kGaEM/QQ3LhRx6xe582/MtBVU9MCFwz n3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t 5+6eCwreNUUdaisYhVNyCaCS5Zy3AjW DdRjESBYJ1gcpX7nXumNI/lnZkmzI/IS PKQU2KsdEsHeFAqI/eiXq14VYhchGq4 gnNSqXnnHsRWyVEGSzQHpff+MKZpxKSh gmjdwygxfkaU4VSwWbGfapYQOiEj1rN UkohpP5ufOoOnVhnCMFa2pIFz9ftERi Ktp1FgOyNixvq3l4t/eb3UhHU/4zJJDZ N0sShMBTQxzP+GQ64YNWJqCaGK21shH RNFqLHpFG0IX5/C/0m74mLk4huv3Lhcx lEAx+AEnAEMaqABrkETtAAFI/AAnsCz I5xH58V5XbSuOMuZI/ADztsnS8GNzQ== </latexit><latexit sha1_ba se64="QK6NsrrRd4bUJE6EMa0W5V3Y1T E=">AAAB6nicdVDLSgMxFM34rPVVdek mWARXQ1KHtu6KblxWtA9oh5JJM21oJjM kGaEM/QQ3LhRx6xe582/MtBVU9MCFwz n3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t 5+6eCwreNUUdaisYhVNyCaCS5Zy3AjW DdRjESBYJ1gcpX7nXumNI/lnZkmzI/IS PKQU2KsdEsHeFAqI/eiXq14VYhchGq4 gnNSqXnnHsRWyVEGSzQHpff+MKZpxKSh gmjdwygxfkaU4VSwWbGfapYQOiEj1rN UkohpP5ufOoOnVhnCMFa2pIFz9ftERi Ktp1FgOyNixvq3l4t/eb3UhHU/4zJJDZ N0sShMBTQxzP+GQ64YNWJqCaGK21shH RNFqLHpFG0IX5/C/0m74mLk4huv3Lhcx lEAx+AEnAEMaqABrkETtAAFI/AAnsCz I5xH58V5XbSuOMuZI/ADztsnS8GNzQ== </latexit><latexit sha1_ba se64="QK6NsrrRd4bUJE6EMa0W5V3Y1T E=">AAAB6nicdVDLSgMxFM34rPVVdek mWARXQ1KHtu6KblxWtA9oh5JJM21oJjM kGaEM/QQ3LhRx6xe582/MtBVU9MCFwz n3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t 5+6eCwreNUUdaisYhVNyCaCS5Zy3AjW DdRjESBYJ1gcpX7nXumNI/lnZkmzI/IS PKQU2KsdEsHeFAqI/eiXq14VYhchGq4 gnNSqXnnHsRWyVEGSzQHpff+MKZpxKSh gmjdwygxfkaU4VSwWbGfapYQOiEj1rN UkohpP5ufOoOnVhnCMFa2pIFz9ftERi Ktp1FgOyNixvq3l4t/eb3UhHU/4zJJDZ N0sShMBTQxzP+GQ64YNWJqCaGK21shH RNFqLHpFG0IX5/C/0m74mLk4huv3Lhcx lEAx+AEnAEMaqABrkETtAAFI/AAnsCz I5xH58V5XbSuOMuZI/ADztsnS8GNzQ== </latexit>
c2
<latexit sha1_base6 4="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6 nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevE Y0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/ cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV39 7Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeK kSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuq U9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jm KsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U 80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0 +kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2T dLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGpp O3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6g BtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+ 0TO3qNwg==</latexit><latexit sha1_base6 4="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6 nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevE Y0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/ cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV39 7Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeK kSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuq U9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jm KsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U 80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0 +kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2T dLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGpp O3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6g BtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+ 0TO3qNwg==</latexit><latexit sha1_base6 4="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6 nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevE Y0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/ cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV39 7Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeK kSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuq U9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jm KsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U 80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0 +kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2T dLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGpp O3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6g BtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+ 0TO3qNwg==</latexit><latexit sha1_base6 4="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6 nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevE Y0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/ cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV39 7Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeK kSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuq U9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jm KsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U 80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0 +kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2T dLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGpp O3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6g BtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+ 0TO3qNwg==</latexit>
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v1 v2 v3 v4
<latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit><latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit><latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit><latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit>c1
<latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit><latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit><latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit><latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit>
c2
<latexit sha1_base64="m/GOrJo0jIkvOfli kuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZm aFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0F rFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye +9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTz U6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtS IiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5x H58V5XbSuOMuZI/gB5+0TO3qNwg==</latexit><latexit sha1_base64="m/GOrJo0jIkvOfli kuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZm aFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0F rFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye +9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTz U6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtS IiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5x H58V5XbSuOMuZI/gB5+0TO3qNwg==</latexit><latexit sha1_base64="m/GOrJo0jIkvOfli kuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZm aFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0F rFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye +9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTz U6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtS IiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5x H58V5XbSuOMuZI/gB5+0TO3qNwg==</latexit><latexit sha1_base64="m/GOrJo0jIkvOfli kuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZm aFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0F rFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye +9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTz U6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtS IiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5x H58V5XbSuOMuZI/gB5+0TO3qNwg==</latexit>
c3
<latexit sha1_base64="4bpWBVfTk8ihob/uoTEC12knU8E=">AAAB6nicdVDLS gNBEOyNrxhfUY9eBoPgaZlN4prcgl48RjQxkCxhdjKbDJl9MDMrhCWf4MWDIl79Im/+jZOHoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QVnEqKWvRWMSy4x PFBI9YS3MtWCeRjIS+YHf++HLm390zqXgc3epJwryQDCMecEq0kW5ov9IvlrBdr+Oq4yJsn2FcduuG4Eq55rrIsfEcJVii2S++9wYxTUMWaSqIUl0HJ9rLiNScCjYt9FL FEkLHZMi6hkYkZMrL5qdO0YlRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUmnYEL4+hT9T9pl28G2c 10tNS6WceThCI7hFBw4hwZcQRNaQGEID/AEz5awHq0X63XRmrOWM4fwA9bbJ1zDjdk=</latexit><latexit sha1_base64="4bpWBVfTk8ihob/uoTEC12knU8E=">AAAB6nicdVDLS gNBEOyNrxhfUY9eBoPgaZlN4prcgl48RjQxkCxhdjKbDJl9MDMrhCWf4MWDIl79Im/+jZOHoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QVnEqKWvRWMSy4x PFBI9YS3MtWCeRjIS+YHf++HLm390zqXgc3epJwryQDCMecEq0kW5ov9IvlrBdr+Oq4yJsn2FcduuG4Eq55rrIsfEcJVii2S++9wYxTUMWaSqIUl0HJ9rLiNScCjYt9FL FEkLHZMi6hkYkZMrL5qdO0YlRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUmnYEL4+hT9T9pl28G2c 10tNS6WceThCI7hFBw4hwZcQRNaQGEID/AEz5awHq0X63XRmrOWM4fwA9bbJ1zDjdk=</latexit><latexit sha1_base64="4bpWBVfTk8ihob/uoTEC12knU8E=">AAAB6nicdVDLS gNBEOyNrxhfUY9eBoPgaZlN4prcgl48RjQxkCxhdjKbDJl9MDMrhCWf4MWDIl79Im/+jZOHoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QVnEqKWvRWMSy4x PFBI9YS3MtWCeRjIS+YHf++HLm390zqXgc3epJwryQDCMecEq0kW5ov9IvlrBdr+Oq4yJsn2FcduuG4Eq55rrIsfEcJVii2S++9wYxTUMWaSqIUl0HJ9rLiNScCjYt9FL FEkLHZMi6hkYkZMrL5qdO0YlRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUmnYEL4+hT9T9pl28G2c 10tNS6WceThCI7hFBw4hwZcQRNaQGEID/AEz5awHq0X63XRmrOWM4fwA9bbJ1zDjdk=</latexit><latexit sha1_base64="4bpWBVfTk8ihob/uoTEC12knU8E=">AAAB6nicdVDLS gNBEOyNrxhfUY9eBoPgaZlN4prcgl48RjQxkCxhdjKbDJl9MDMrhCWf4MWDIl79Im/+jZOHoKIFDUVVN91dfiK40hh/WLmV1bX1jfxmYWt7Z3evuH/QVnEqKWvRWMSy4x PFBI9YS3MtWCeRjIS+YHf++HLm390zqXgc3epJwryQDCMecEq0kW5ov9IvlrBdr+Oq4yJsn2FcduuG4Eq55rrIsfEcJVii2S++9wYxTUMWaSqIUl0HJ9rLiNScCjYt9FL FEkLHZMi6hkYkZMrL5qdO0YlRBiiIpalIo7n6fSIjoVKT0DedIdEj9dubiX953VQHNS/jUZJqFtHFoiAVSMdo9jcacMmoFhNDCJXc3IroiEhCtUmnYEL4+hT9T9pl28G2c 10tNS6WceThCI7hFBw4hwZcQRNaQGEID/AEz5awHq0X63XRmrOWM4fwA9bbJ1zDjdk=</latexit>
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<latexit sha1_base64="phdYT0a0+14SaCz0GaPYsSLDoeQ=">AAACB3icdVDLSsNAFJ3Ud31FXQoyWIQKEpLQajaC6MalgrWFppTJdKJDJw9mbtQSsnPjr7hxoYhbf8Gdf+O 0VlDRA5d7OOdeZu4JUsEV2Pa7UZqYnJqemZ0rzy8sLi2bK6vnKskkZQ2aiES2AqKY4DFrAAfBWqlkJAoEawb9o6HfvGJS8SQ+g0HKOhG5iHnIKQEtdc0N7KdRkF8XPrAbCMK86ufujuMX2/tOUS53zYptuXWv7njYtnTf23U18dyaV7exY9kjVNAYJ13zze8lNItYDFQQpdqOnUInJxI4Fawo+5liKaF9csHamsYkYqqTj+4o8JZWejhMpK4Y8Ej9vpGTSKlBFOj JiMCl+u0Nxb+8dgah18l5nGbAYvr5UJgJDAkehoJ7XDIKYqAJoZLrv2J6SSShoKMbhvB1Kf6fnLuWY1vOaa1ycDiOYxato01URQ7aQwfoGJ2gBqLoFt2jR/Rk3BkPxrPx8jlaMsY7a+gHjNcPVJ+YTQ==</latexit><latexit sha1_base64="phdYT0a0+14SaCz0GaPYsSLDoeQ=">AAACB3icdVDLSsNAFJ3Ud31FXQoyWIQKEpLQajaC6MalgrWFppTJdKJDJw9mbtQSsnPjr7hxoYhbf8Gdf+O 0VlDRA5d7OOdeZu4JUsEV2Pa7UZqYnJqemZ0rzy8sLi2bK6vnKskkZQ2aiES2AqKY4DFrAAfBWqlkJAoEawb9o6HfvGJS8SQ+g0HKOhG5iHnIKQEtdc0N7KdRkF8XPrAbCMK86ufujuMX2/tOUS53zYptuXWv7njYtnTf23U18dyaV7exY9kjVNAYJ13zze8lNItYDFQQpdqOnUInJxI4Fawo+5liKaF9csHamsYkYqqTj+4o8JZWejhMpK4Y8Ej9vpGTSKlBFOj JiMCl+u0Nxb+8dgah18l5nGbAYvr5UJgJDAkehoJ7XDIKYqAJoZLrv2J6SSShoKMbhvB1Kf6fnLuWY1vOaa1ycDiOYxato01URQ7aQwfoGJ2gBqLoFt2jR/Rk3BkPxrPx8jlaMsY7a+gHjNcPVJ+YTQ==</latexit><latexit sha1_base64="phdYT0a0+14SaCz0GaPYsSLDoeQ=">AAACB3icdVDLSsNAFJ3Ud31FXQoyWIQKEpLQajaC6MalgrWFppTJdKJDJw9mbtQSsnPjr7hxoYhbf8Gdf+O 0VlDRA5d7OOdeZu4JUsEV2Pa7UZqYnJqemZ0rzy8sLi2bK6vnKskkZQ2aiES2AqKY4DFrAAfBWqlkJAoEawb9o6HfvGJS8SQ+g0HKOhG5iHnIKQEtdc0N7KdRkF8XPrAbCMK86ufujuMX2/tOUS53zYptuXWv7njYtnTf23U18dyaV7exY9kjVNAYJ13zze8lNItYDFQQpdqOnUInJxI4Fawo+5liKaF9csHamsYkYqqTj+4o8JZWejhMpK4Y8Ej9vpGTSKlBFOj JiMCl+u0Nxb+8dgah18l5nGbAYvr5UJgJDAkehoJ7XDIKYqAJoZLrv2J6SSShoKMbhvB1Kf6fnLuWY1vOaa1ycDiOYxato01URQ7aQwfoGJ2gBqLoFt2jR/Rk3BkPxrPx8jlaMsY7a+gHjNcPVJ+YTQ==</latexit><latexit sha1_base64="phdYT0a0+14SaCz0GaPYsSLDoeQ=">AAACB3icdVDLSsNAFJ3Ud31FXQoyWIQKEpLQajaC6MalgrWFppTJdKJDJw9mbtQSsnPjr7hxoYhbf8Gdf+O 0VlDRA5d7OOdeZu4JUsEV2Pa7UZqYnJqemZ0rzy8sLi2bK6vnKskkZQ2aiES2AqKY4DFrAAfBWqlkJAoEawb9o6HfvGJS8SQ+g0HKOhG5iHnIKQEtdc0N7KdRkF8XPrAbCMK86ufujuMX2/tOUS53zYptuXWv7njYtnTf23U18dyaV7exY9kjVNAYJ13zze8lNItYDFQQpdqOnUInJxI4Fawo+5liKaF9csHamsYkYqqTj+4o8JZWejhMpK4Y8Ej9vpGTSKlBFOj JiMCl+u0Nxb+8dgah18l5nGbAYvr5UJgJDAkehoJ7XDIKYqAJoZLrv2J6SSShoKMbhvB1Kf6fnLuWY1vOaa1ycDiOYxato01URQ7aQwfoGJ2gBqLoFt2jR/Rk3BkPxrPx8jlaMsY7a+gHjNcPVJ+YTQ==</latexit> w
({2
,1
})=
1
<latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45KxaLwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EU kEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYahmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</latexit><latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45KxaLwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EU kEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYahmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</latexit><latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45KxaLwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EU kEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYahmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</latexit><latexit sha1_base64="O7oWSApewWr0oHeOc3KWcdGb9PI=">AAACBHicbVBNS8NAEN34WetX1GMvwSJUkJIUQS9C0YvHCvYDmlA22027dDcJuxO1hBy8+Fe8eFDEqz/Cm//GbZuDtj4YeLw3w8w8P+ZMgW1/G0vLK6tr64WN4ubW9s6uubffUlEiCW2SiEey42NFOQtpExhw2oklxcLntO2PriZ++45KxaLwFsYx9QQehCxgBIOWembJjYWf3mcu0Afwg7TiprUTx82OL5ysZ5btqj2FtUicnJRRjkbP/HL7EU kEDYFwrFTXsWPwUiyBEU6zopsoGmMywgPa1TTEgiovnT6RWUda6VtBJHWFYE3V3xMpFkqNha87BYahmvcm4n9eN4Hg3EtZGCdAQzJbFCTcgsiaJGL1maQE+FgTTCTTt1pkiCUmoHMr6hCc+ZcXSatWdeyqc3Narl/mcRRQCR2iCnLQGaqja9RATUTQI3pGr+jNeDJejHfjY9a6ZOQzB+gPjM8f/ZqXog==</latexit>
w
({3,2})=
3
<latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgVpCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWumbBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJoj EmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYiscSJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit><latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgVpCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWumbBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJoj EmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYiscSJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit><latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgVpCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWumbBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJoj EmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYiscSJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit><latexit sha1_base64="m6eFtv7oVsZIbBpQJPQ/ja3yRic=">AAACBHicbVDLSsNAFJ34rPUVddlNsAgVpCStoBuh6MZlBfuAJpTJdNIOnUnCzI1aQhZu/BU3LhRx60e482+cPhbaeuDC4Zx7ufceP+ZMgW1/G0vLK6tr67mN/ObW9s6uubffVFEiCW2QiEey7WNFOQtpAxhw2o4lxcLntOUPr8Z+645KxaLwFkYx9QTuhyxgBIOWumbBjYWf3mcu0Afwg7TkptWTipsdX1Szrlm0y/YE1iJxZqSIZqh3zS+3F5FE0BAIx0p1HDsGL8USGOE0y7uJoj EmQ9ynHU1DLKjy0skTmXWklZ4VRFJXCNZE/T2RYqHUSPi6U2AYqHlvLP7ndRIIzr2UhXECNCTTRUHCLYiscSJWj0lKgI80wUQyfatFBlhiAjq3vA7BmX95kTQrZccuOzenxdrlLI4cKqBDVEIOOkM1dI3qqIEIekTP6BW9GU/Gi/FufExbl4zZzAH6A+PzBwPJl6Y=</latexit>
v1 v2 v3 v4
<latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit><latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit><latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit><latexit sha1_base64="MguOn8RG/Q5NX28997LAYtr53so=">AAACBHicbVC7TsMwFL0pr1JeAcYuF hUSU5WUSjBWsDAWiT6kNooc12mtOk5kO5WqqAMLv8LCAEKsfAQbf4PbZoCWY1n36Jx7Zd8TJJwp7TjfVmFjc2t7p7hb2ts/ODyyj0/aKk4loS0S81h2A6woZ4K2NNOcdhNJcRRw2gnGt3O/M6FSsVg86GlCvQgPB QsZwdpIvl2e+C7qmzPxa3m9zGvdtytO1VkArRM3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5npX6qaILJGA9pz1CBI6q8bLHEDJ0bZYDCWJorNFqovycyHCk1jQLTGWE9UqveXPzP66U6vPYyJpJUU0GWD4UpR zpG80TQgElKNJ8agolk5q+IjLDERJvcSiYEd3XlddKuVV2n6t7XK42bPI4ilOEMLsCFK2jAHTShBQQe4Rle4c16sl6sd+tj2Vqw8plT+APr8wcD0JUf</latexit>c1
<latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit><latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit><latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit><latexit sha1_base64="QK6NsrrRd4bUJE6EMa0W5V3Y1TE=">AAAB6nicdVD LSgMxFM34rPVVdekmWARXQ1KHtu6KblxWtA9oh5JJM21oJjMkGaEM/QQ3LhRx6xe582/MtBVU9MCFwzn3cu89QSK4Ngh9OCura+sbm4Wt4vbO7t5+6eCwreNUUdais YhVNyCaCS5Zy3AjWDdRjESBYJ1gcpX7nXumNI/lnZkmzI/ISPKQU2KsdEsHeFAqI/eiXq14VYhchGq4gnNSqXnnHsRWyVEGSzQHpff+MKZpxKShgmjdwygxfkaU4VS wWbGfapYQOiEj1rNUkohpP5ufOoOnVhnCMFa2pIFz9ftERiKtp1FgOyNixvq3l4t/eb3UhHU/4zJJDZN0sShMBTQxzP+GQ64YNWJqCaGK21shHRNFqLHpFG0IX5/C/ 0m74mLk4huv3LhcxlEAx+AEnAEMaqABrkETtAAFI/AAnsCzI5xH58V5XbSuOMuZI/ADztsnS8GNzQ==</latexit>
c2
<latexit sha1_base64="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr 6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN 5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c 3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+0TO3qNwg==</latexi t><latexit sha1_base64="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr 6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN 5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c 3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+0TO3qNwg==</latexi t><latexit sha1_base64="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr 6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN 5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c 3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+0TO3qNwg==</latexi t><latexit sha1_base64="m/GOrJo0jIkvOflikuCnE0Ht8d0=">AAAB6nicdVDLSgNBEOz1GeMr 6tHLYBA8LbObRHMMevEY0TwgWcLsZJIMmZ1dZmaFsOQTvHhQxKtf5M2/cfIQVLSgoajqprsrTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN 5ZyYJCyIylHzAKTFWuqU9v1coYhdXPVypIuye+9gvY0v8ilcqlZHn4jmKsES9V3jv9mOaRkwaKojWHQ8nJsiIMpwKNs13U80SQsdkyDqWShIxHWTzU6fo1Cp9NIiVLWnQXP0+kZFI60kU2s6ImJH+7c 3Ev7xOagbVIOMySQ2TdLFokApkYjT7G/W5YtSIiSWEKm5vRXREFKHGppO3IXx9iv4nTd/1sOvdlIu1y2UcOTiGEzgDDy6gBtdQhwZQGMIDPMGzI5xH58V5XbSuOMuZI/gB5+0TO3qNwg==</latexi t>
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<latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit>
+1
<latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxg nlAEsLspDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ 4iQS6Z1x3MT7GVMoeASpnY31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT 9aL9W59zFtXrGLmkPyB9fkDn++RvA==</latexit>
–1<latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DX jxGMA9IQpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJ gXqfeerO4h5GkKEXDKtO56bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16 RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE/IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DX jxGMA9IQpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJ gXqfeerO4h5GkKEXDKtO56bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16 RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE/IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DX jxGMA9IQpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJ gXqfeerO4h5GkKEXDKtO56bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16 RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE/IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DX jxGMA9IQpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJ gXqfeerO4h5GkKEXDKtO56bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16 RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE/IH1ucPEQSR9Q==</latexit>
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2
<latexit sha1_base64="tNfDmG2lwMJe5kS4AFR4KlSifxA=">AAACBnicdVDJSgNBEO1xjXGLehShMQgRJMwkksSDEPTiMYJZIBNCT6cnadKz0F2jhmFOXvwVLx4U8eo3ePNv7CyCij4oeLxXRVU9JxRcgWl+GHPzC4tLy6mV9Ora+sZmZmu7oYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzPB/7zWsmFQ/8KxiFrOORvs9dTgloqZvZw3boOfFNYgO7BceNc3ZsHRXt5PC0kKS7mayZNyfAZr5ULJWLZU0qZqFQPMHWzMqiGWrdzLvdC2jkMR+oIEq1LTOETkwkcCpYkrYjxUJCh6TP2pr6xGOqE0/eSPCBVnrYDaQuH/BE/T4RE0+pkefoTo/AQP32xuJfXjsCt9KJuR9GwHw6XeRGAkOAx5ngHpeMghhpQqjk+lZMB0QSCjq5cQhfn+L/SaOQt8y8dXmcrZ7N4kihXbSPcshCZVRFF6iG6oiiO/SAntCzcW88Gi/G67R1zpjN7KAfMN4+AehjmBo=</latexit><latexit sha1_base64="tNfDmG2lwMJe5kS4AFR4KlSifxA=">AAACBnicdVDJSgNBEO1xjXGLehShMQgRJMwkksSDEPTiMYJZIBNCT6cnadKz0F2jhmFOXvwVLx4U8eo3ePNv7CyCij4oeLxXRVU9JxRcgWl+GHPzC4tLy6mV9Ora+sZmZmu7oYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzPB/7zWsmFQ/8KxiFrOORvs9dTgloqZvZw3boOfFNYgO7BceNc3ZsHRXt5PC0kKS7mayZNyfAZr5ULJWLZU0qZqFQPMHWzMqiGWrdzLvdC2jkMR+oIEq1LTOETkwkcCpYkrYjxUJCh6TP2pr6xGOqE0/eSPCBVnrYDaQuH/BE/T4RE0+pkefoTo/AQP32xuJfXjsCt9KJuR9GwHw6XeRGAkOAx5ngHpeMghhpQqjk+lZMB0QSCjq5cQhfn+L/SaOQt8y8dXmcrZ7N4kihXbSPcshCZVRFF6iG6oiiO/SAntCzcW88Gi/G67R1zpjN7KAfMN4+AehjmBo=</latexit><latexit sha1_base64="tNfDmG2lwMJe5kS4AFR4KlSifxA=">AAACBnicdVDJSgNBEO1xjXGLehShMQgRJMwkksSDEPTiMYJZIBNCT6cnadKz0F2jhmFOXvwVLx4U8eo3ePNv7CyCij4oeLxXRVU9JxRcgWl+GHPzC4tLy6mV9Ora+sZmZmu7oYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzPB/7zWsmFQ/8KxiFrOORvs9dTgloqZvZw3boOfFNYgO7BceNc3ZsHRXt5PC0kKS7mayZNyfAZr5ULJWLZU0qZqFQPMHWzMqiGWrdzLvdC2jkMR+oIEq1LTOETkwkcCpYkrYjxUJCh6TP2pr6xGOqE0/eSPCBVnrYDaQuH/BE/T4RE0+pkefoTo/AQP32xuJfXjsCt9KJuR9GwHw6XeRGAkOAx5ngHpeMghhpQqjk+lZMB0QSCjq5cQhfn+L/SaOQt8y8dXmcrZ7N4kihXbSPcshCZVRFF6iG6oiiO/SAntCzcW88Gi/G67R1zpjN7KAfMN4+AehjmBo=</latexit><latexit sha1_base64="tNfDmG2lwMJe5kS4AFR4KlSifxA=">AAACBnicdVDJSgNBEO1xjXGLehShMQgRJMwkksSDEPTiMYJZIBNCT6cnadKz0F2jhmFOXvwVLx4U8eo3ePNv7CyCij4oeLxXRVU9JxRcgWl+GHPzC4tLy6mV9Ora+sZmZmu7oYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzPB/7zWsmFQ/8KxiFrOORvs9dTgloqZvZw3boOfFNYgO7BceNc3ZsHRXt5PC0kKS7mayZNyfAZr5ULJWLZU0qZqFQPMHWzMqiGWrdzLvdC2jkMR+oIEq1LTOETkwkcCpYkrYjxUJCh6TP2pr6xGOqE0/eSPCBVnrYDaQuH/BE/T4RE0+pkefoTo/AQP32xuJfXjsCt9KJuR9GwHw6XeRGAkOAx5ngHpeMghhpQqjk+lZMB0QSCjq5cQhfn+L/SaOQt8y8dXmcrZ7N4kihXbSPcshCZVRFF6iG6oiiO/SAntCzcW88Gi/G67R1zpjN7KAfMN4+AehjmBo=</latexit>
E ! E [ {s13 ⌘ s23}
<latexit sha1_base64="3uHuK0tCcHa36P5G6N1M5GU2W6E=">AAACHXicdVDLSgMxFM3UV62vqks3wSK4Gmba6WtXFMFlBfuATimZNNOGZh4mmUIZ5kfc +CtuXCjiwo34N2baClX0QODcc+4l9x4nZFRIw/jUMmvrG5tb2e3czu7e/kH+8Kgtgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs7kMvU7U8IFDfxbOQtJ30Mjn7oUI6mkQd6yPSTHGLH4KrFlsFrhKLRjMYjNUmKTu4hOoSqKqkgG+YKhG0a9ZlWhoVv1SqVUV6RSLJfrJjSVlaIAlmgO8u/2MMCRR3yJGRKiZxqh7MeIS4oZ SXJ2JEiI8ASNSE9RH3lE9OP5dQk8U8oQugFXz5dwrq5OxMgTYuY5qjPdXvz2UvEvrxdJt9aPqR9Gkvh48ZEbMSgDmEYFh5QTLNlMEYQ5VbtCPEYcYakCzakQvi+F/5N2UTcN3byxCo2LZRxZcAJOwTkwQRU0wDVoghbA4B48gmfwoj1oT9qr9rZozWjLmWPwA9rHF7iQo4w=</latexit><latexit sha1_base64="3uHuK0tCcHa36P5G6N1M5GU2W6E=">AAACHXicdVDLSgMxFM3UV62vqks3wSK4Gmba6WtXFMFlBfuATimZNNOGZh4mmUIZ5kfc +CtuXCjiwo34N2baClX0QODcc+4l9x4nZFRIw/jUMmvrG5tb2e3czu7e/kH+8Kgtgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs7kMvU7U8IFDfxbOQtJ30Mjn7oUI6mkQd6yPSTHGLH4KrFlsFrhKLRjMYjNUmKTu4hOoSqKqkgG+YKhG0a9ZlWhoVv1SqVUV6RSLJfrJjSVlaIAlmgO8u/2MMCRR3yJGRKiZxqh7MeIS4oZ SXJ2JEiI8ASNSE9RH3lE9OP5dQk8U8oQugFXz5dwrq5OxMgTYuY5qjPdXvz2UvEvrxdJt9aPqR9Gkvh48ZEbMSgDmEYFh5QTLNlMEYQ5VbtCPEYcYakCzakQvi+F/5N2UTcN3byxCo2LZRxZcAJOwTkwQRU0wDVoghbA4B48gmfwoj1oT9qr9rZozWjLmWPwA9rHF7iQo4w=</latexit><latexit sha1_base64="3uHuK0tCcHa36P5G6N1M5GU2W6E=">AAACHXicdVDLSgMxFM3UV62vqks3wSK4Gmba6WtXFMFlBfuATimZNNOGZh4mmUIZ5kfc +CtuXCjiwo34N2baClX0QODcc+4l9x4nZFRIw/jUMmvrG5tb2e3czu7e/kH+8Kgtgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs7kMvU7U8IFDfxbOQtJ30Mjn7oUI6mkQd6yPSTHGLH4KrFlsFrhKLRjMYjNUmKTu4hOoSqKqkgG+YKhG0a9ZlWhoVv1SqVUV6RSLJfrJjSVlaIAlmgO8u/2MMCRR3yJGRKiZxqh7MeIS4oZ SXJ2JEiI8ASNSE9RH3lE9OP5dQk8U8oQugFXz5dwrq5OxMgTYuY5qjPdXvz2UvEvrxdJt9aPqR9Gkvh48ZEbMSgDmEYFh5QTLNlMEYQ5VbtCPEYcYakCzakQvi+F/5N2UTcN3byxCo2LZRxZcAJOwTkwQRU0wDVoghbA4B48gmfwoj1oT9qr9rZozWjLmWPwA9rHF7iQo4w=</latexit><latexit sha1_base64="3uHuK0tCcHa36P5G6N1M5GU2W6E=">AAACHXicdVDLSgMxFM3UV62vqks3wSK4Gmba6WtXFMFlBfuATimZNNOGZh4mmUIZ5kfc +CtuXCjiwo34N2baClX0QODcc+4l9x4nZFRIw/jUMmvrG5tb2e3czu7e/kH+8Kgtgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs7kMvU7U8IFDfxbOQtJ30Mjn7oUI6mkQd6yPSTHGLH4KrFlsFrhKLRjMYjNUmKTu4hOoSqKqkgG+YKhG0a9ZlWhoVv1SqVUV6RSLJfrJjSVlaIAlmgO8u/2MMCRR3yJGRKiZxqh7MeIS4oZ SXJ2JEiI8ASNSE9RH3lE9OP5dQk8U8oQugFXz5dwrq5OxMgTYuY5qjPdXvz2UvEvrxdJt9aPqR9Gkvh48ZEbMSgDmEYFh5QTLNlMEYQ5VbtCPEYcYakCzakQvi+F/5N2UTcN3byxCo2LZRxZcAJOwTkwQRU0wDVoghbA4B48gmfwoj1oT9qr9rZozWjLmWPwA9rHF7iQo4w=</latexit>
Case 2
<latexit sha1_base64="kFYVrZoviFiVcAne84eNLFsEj6E=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHxRHaJiR6JXDxiIh8JbEi3DNDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEc2jwSEa6HTADUihooEAJ7VgDCwMJrWBcm/utCWgjIvWA0xj8kA2VGAjO0Ep+F+EJ05p9gFZmvWLJLbsL0HXiZaREMtR7xa9uP+JJCAq5ZMZ0PDdGP2UaBZcwK3QTAzHjYzaEjqWKhWD8dLH0jF5YpU8HkbalkC7U3xMpC42ZhoHtDBmO zKo3F//zOgkObvxUqDhBUHz50SCRFCM6T4D2hQaOcmoJ41rYXSkfMc042pwKNgRv9eR10qyUPbfs3V+VqrdZHHlyRs7JJfHINamSO1InDcLJI3kmr+TNmTgvzrvzsWzNOdnMKfkD5/MHeYeR4w==</latexit><latexit sha1_base64="kFYVrZoviFiVcAne84eNLFsEj6E=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHxRHaJiR6JXDxiIh8JbEi3DNDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEc2jwSEa6HTADUihooEAJ7VgDCwMJrWBcm/utCWgjIvWA0xj8kA2VGAjO0Ep+F+EJ05p9gFZmvWLJLbsL0HXiZaREMtR7xa9uP+JJCAq5ZMZ0PDdGP2UaBZcwK3QTAzHjYzaEjqWKhWD8dLH0jF5YpU8HkbalkC7U3xMpC42ZhoHtDBmO zKo3F//zOgkObvxUqDhBUHz50SCRFCM6T4D2hQaOcmoJ41rYXSkfMc042pwKNgRv9eR10qyUPbfs3V+VqrdZHHlyRs7JJfHINamSO1InDcLJI3kmr+TNmTgvzrvzsWzNOdnMKfkD5/MHeYeR4w==</latexit><latexit sha1_base64="kFYVrZoviFiVcAne84eNLFsEj6E=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHxRHaJiR6JXDxiIh8JbEi3DNDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEc2jwSEa6HTADUihooEAJ7VgDCwMJrWBcm/utCWgjIvWA0xj8kA2VGAjO0Ep+F+EJ05p9gFZmvWLJLbsL0HXiZaREMtR7xa9uP+JJCAq5ZMZ0PDdGP2UaBZcwK3QTAzHjYzaEjqWKhWD8dLH0jF5YpU8HkbalkC7U3xMpC42ZhoHtDBmO zKo3F//zOgkObvxUqDhBUHz50SCRFCM6T4D2hQaOcmoJ41rYXSkfMc042pwKNgRv9eR10qyUPbfs3V+VqrdZHHlyRs7JJfHINamSO1InDcLJI3kmr+TNmTgvzrvzsWzNOdnMKfkD5/MHeYeR4w==</latexit><latexit sha1_base64="kFYVrZoviFiVcAne84eNLFsEj6E=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHxRHaJiR6JXDxiIh8JbEi3DNDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEc2jwSEa6HTADUihooEAJ7VgDCwMJrWBcm/utCWgjIvWA0xj8kA2VGAjO0Ep+F+EJ05p9gFZmvWLJLbsL0HXiZaREMtR7xa9uP+JJCAq5ZMZ0PDdGP2UaBZcwK3QTAzHjYzaEjqWKhWD8dLH0jF5YpU8HkbalkC7U3xMpC42ZhoHtDBmO zKo3F//zOgkObvxUqDhBUHz50SCRFCM6T4D2hQaOcmoJ41rYXSkfMc042pwKNgRv9eR10qyUPbfs3V+VqrdZHHlyRs7JJfHINamSO1InDcLJI3kmr+TNmTgvzrvzsWzNOdnMKfkD5/MHeYeR4w==</latexit>
Case 1
<latexit sha1_base64="LgMyb4bLLZeQ3hCZPOouVfdHByU=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaEz0SuXjERMAENqRbutDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYz1Q0ANl0LxJgqU/CHRnEaB5O1gVJ/57THXRsTqHicJ9yM6UCIUjKKV/C7yJ8zq9gHiTXvlilt15yCrxMtJBXI0euWvbj9macQVMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YqmjEjZ/Nl56SM6v0SRhrWwrJXP09kdHImEkU2M6I 4tAsezPxP6+TYnjtZ0IlKXLFFh+FqSQYk1kCpC80ZygnllCmhd2VsCHVlKHNqWRD8JZPXiWti6rnVr27y0rtJo+jCCdwCufgwRXU4BYa0AQGj/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBeAKR4g==</latexit><latexit sha1_base64="LgMyb4bLLZeQ3hCZPOouVfdHByU=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaEz0SuXjERMAENqRbutDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYz1Q0ANl0LxJgqU/CHRnEaB5O1gVJ/57THXRsTqHicJ9yM6UCIUjKKV/C7yJ8zq9gHiTXvlilt15yCrxMtJBXI0euWvbj9macQVMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YqmjEjZ/Nl56SM6v0SRhrWwrJXP09kdHImEkU2M6I 4tAsezPxP6+TYnjtZ0IlKXLFFh+FqSQYk1kCpC80ZygnllCmhd2VsCHVlKHNqWRD8JZPXiWti6rnVr27y0rtJo+jCCdwCufgwRXU4BYa0AQGj/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBeAKR4g==</latexit><latexit sha1_base64="LgMyb4bLLZeQ3hCZPOouVfdHByU=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaEz0SuXjERMAENqRbutDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYz1Q0ANl0LxJgqU/CHRnEaB5O1gVJ/57THXRsTqHicJ9yM6UCIUjKKV/C7yJ8zq9gHiTXvlilt15yCrxMtJBXI0euWvbj9macQVMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YqmjEjZ/Nl56SM6v0SRhrWwrJXP09kdHImEkU2M6I 4tAsezPxP6+TYnjtZ0IlKXLFFh+FqSQYk1kCpC80ZygnllCmhd2VsCHVlKHNqWRD8JZPXiWti6rnVr27y0rtJo+jCCdwCufgwRXU4BYa0AQGj/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBeAKR4g==</latexit><latexit sha1_base64="LgMyb4bLLZeQ3hCZPOouVfdHByU=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaEz0SuXjERMAENqRbutDQ7a7tLJFs+B1e PGiMV3+MN/+NBfag4EsmeXlvpp15QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYz1Q0ANl0LxJgqU/CHRnEaB5O1gVJ/57THXRsTqHicJ9yM6UCIUjKKV/C7yJ8zq9gHiTXvlilt15yCrxMtJBXI0euWvbj9macQVMkmN6Xhugn5GNQom+bTUTQ1PKBvRAe9YqmjEjZ/Nl56SM6v0SRhrWwrJXP09kdHImEkU2M6I 4tAsezPxP6+TYnjtZ0IlKXLFFh+FqSQYk1kCpC80ZygnllCmhd2VsCHVlKHNqWRD8JZPXiWti6rnVr27y0rtJo+jCCdwCufgwRXU4BYa0AQGj/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBeAKR4g==</latexit>
F
+1
<latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxgnlAEsLs pDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ4iQS6Z1x3MT7GVMoeASpnY 31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT9aL9W59zFtXrGLmkPyB9fkDn++RvA==</lat exit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxgnlAEsLs pDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ4iQS6Z1x3MT7GVMoeASpnY 31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT9aL9W59zFtXrGLmkPyB9fkDn++RvA==</lat exit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxgnlAEsLs pDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ4iQS6Z1x3MT7GVMoeASpnY 31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT9aL9W59zFtXrGLmkPyB9fkDn++RvA==</lat exit><latexit sha1_base64="h13EY6QYbOD8pjO0AuKGGRO18GA=">AAAB+HicbVDLSgNBEJz1GddHVj16GQyCIIRdEfQY9OIxgnlAEsLs pDcZMvtgpleMS77EiwdFvPop3vwbZ5M9aGJBQ1HVTXeXn0ih0XW/rZXVtfWNzdKWvb2zu1d29g+aOk4VhwaPZazaPtMgRQQNFCihnShgoS+h5Y9vcr/1AEqLOLrHSQK9kA0jEQjO0Eh9p9xFeEQ/yM68KbVtu+9U3Ko7A10mXkEqpEC973x1BzFPQ4iQS6Z1x3MT7GVMoeASpnY 31ZAwPmZD6BgasRB0L5sdPqUnRhnQIFamIqQz9fdExkKtJ6FvOkOGI73o5eJ/XifF4KqXiShJESI+XxSkkmJM8xToQCjgKCeGMK6EuZXyEVOMo8kqD8FbfHmZNM+rnlv17i4qtesijhI5IsfklHjkktTILamTBuEkJc/klbxZT9aL9W59zFtXrGLmkPyB9fkDn++RvA==</lat exit>
–1<latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit> –1<latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit> –1<latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit><latexit sha1_base64="Ae1HhYbJzIazq/cD3WR2PI77TCE=">AAAB+XicbVDLSgNBEJz1GdfXqkcvg0HwkrArgh6DXjxGMA9I Qpid9CZDZh/M9AbDkj/x4kERr/6JN//G2WQPmljQUFR1093lJ1JodN1va219Y3Nru7Rj7+7tHxw6R8dNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8sd3ud+agNIijh5xmkAvZMNIBIIzNFLfcboIT+gHWaXizaht232n7FbdOegq8QpSJgXqfeerO4h5GkKEXDKtO5 6bYC9jCgWXMLO7qYaE8TEbQsfQiIWge9n88hk9N8qABrEyFSGdq78nMhZqPQ190xkyHOllLxf/8zopBje9TERJihDxxaIglRRjmsdAB0IBRzk1hHElzK2Uj5hiHE1YeQje8surpHlZ9dyq93BVrt0WcZTIKTkjF8Qj16RG7kmdNAgnE/JMXsmblVkv1rv1sWhds4qZE /IH1ucPEQSR9Q==</latexit> +1
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Figure 3: Illustration of Case 1 and Case 2 while selecting the edges of the minimum spanning
tree which will help determine the permutation of the rows of the matrix that minimizes SC∗(S).
First, the edge (c1, c2) is selected and constraint s13 ≡ s23 is added to E . Next, the edge (c1, c3)
is selected and s13 and s23 are filled with s33 = −.
voting patterns exhibited by the voters which result in a particular vote-matrix S under the
deterministic voting model, i.e., ∀ (i, j) ∈ Ω, sij = sign(mij), where [mij ] = CV T . To this aim,
we will first introduce the notion of sign-rank of a sign matrix. Then, we will show that the
problem of determining r reduces to finding the sign-rank of a partially observed sign matrix.
Finally, we will present an efficient algorithm to estimate the sign-rank.
Sign-rank of a sign matrix. Paturi et al. [31] introduced the classical notion of sign-rank of
a sign matrix, which is closely related to the VC dimension of concept classes [2], as follows:
Definition 1 Let M be a real matrix and sign(M) denote a matrix such that ∀ i, j. (sign(M))ij =
sign(Mij). Then, the sign-rank of a sign matrix S is defined as:
sign-rank(S) = min {rank(M) | sign(M) = S} .
Here, we extend the above definition to partially observed sign matrices as follows:
Definition 2 The sign rank of a partially observed sign matrix S is defined as:
sign-rank(S) = min {rank(M) | ∀ (i, j) ∈ Ω. sign(M)ij = sij} .
It is easy to see that, if the rank of a matrix M is r, then we can decompose the matrix into
two components of the form CV T using, e.g., the singular value decomposition (SVD). Hence,
the problem of determining r reduces to the problem of finding sign-rank(S).
Note that the sign-rank of a sign matrix can be much lower than its actual rank, as was
noticed by Hsieh et al. [18] in the context of signed graph models. For example, consider the
sign-rank of the matrix B = 2In−1n, where In is the identity matrix and 1n is the matrix of all
1 of size n×n. For n ≥ 3, sign-rank(B) remains 3 though the matrix itself is always of full rank
n. Moreover, note that, in our setting, the sign-rank does not merely correspond to the number
of topics being discussed in an online discussion. Instead, the complexity may be manifest in
the combination of the topics under discussion: the voters may agree with some opinions in a
comment while disagreeing with others.
Estimating the sign-rank of a partially observed sign matrix. The problem of deter-
mining whether sign-rank(S) is 1 can be solved by a simple breath-first search (BFS). We first
create a signed bi-partite graph of comments and voters with adjacency matrix S. Then for
each connected component in the graph, pick one (i, j) ∈ Ω, set ci = +1 and vj = sij , and fill in
the remaining values using BFS by multiplying the source node value with the sign of the edge
to arrive at the destination node value. The intuition is that if voter j has down (up) voted
comment i, then i and j have opposite (same) polarity. If a consistent assignment of ±1 to all
the nodes is possible, then sign-rank(S) = 1.
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However, this algorithm does not generalize to multiple dimensions. To estimate the sign-
rank of a partially observed sign matrix, we adapt the algorithm for (fully observed) sign
matrices proposed recently by Alon et al. [2]. First, we explain the main ideas behind the
original algorithm and then describe the necessary, non trivial modifications we propose.
The original algorithm upper-bounds the sign-rank of a (fully observed) sign matrix S by
the number of sign-changes in the columns of the matrix. More formally, define the function
SC(S) as the maximum number of sign changes in any column of the matrix S, i.e., SC(S) =
maxj |{ i | si,j 6= s(i+1),j}|, Sym(S) as the set of all possible row permutations of S, and the
function SC∗(S) as:
SC∗(S) = min
S′∈Sym(S)
SC(S′).
Then, the following lemma establishes the relationship between the sign-rank of matrix S and
SC∗(S), which the original algorithm exploits [1]:
Lemma 3 For a sign matrix S, sign-rank(S) ≤ SC∗(S) + 1.
To use the above result, our algorithm needs to do two tasks:
• Find a matrix S¯ = [s¯ij ] such that it is a completion of S, i.e.,
s¯′ij =
{
sij if (i, j) ∈ Ω
±1 if (i, j) 6∈ Ω. (4)
• Find S′ ∈ Sym(S¯) such that it minimizes the maximum number of sign-changes in its
columns.
The algorithm will output SC(S′) + 1 as the estimated sign-rank.
Our algorithm does both tasks together while it computes an estimation of SC∗(S) using
an algorithm by Welzl et al. [36, See Ex. 4]. In a nutshell, we construct a graph in which
each node corresponds to a row of the partially observed matrix S and the weight of each edge
between nodes u and v is given by the number of columns where the signs of the corresponding
rows disagree. Then, we extract a spanning tree from the completely connected graph which
minimizes the number of sign-changes between pairs of vertices connected by an edge, as shown
in Algorithm 1. In the process of creating the spanning tree, we also fill the matrix. Finally,
we derive a permutation of the rows based on the tree to construct S′.
More in detail, to understand how Algorithm 1 fills the matrix as it computes the spanning
tree, we distinguish two different cases:
Case 1: When, given a column, only one of the rows has a missing entry. Consider,
for example, we have two rows u = (+1,+1, ? ,+1) and v = (−1,+1,−1,−1). To calculate
the weight of the edge between u and v, i.e., w({u, v}) in line 4 of Algorithm 1, we ignore the
second column, as su,2 = sv,2, and the third column, as it has a missing entry su,3 = ? . Hence,
we report w({u, v}) = 2, because signs of u and v differ in 1st and 4th column. Now, if this
edge was chosen in line 6 of Algorithm 1, we modify u, such that this weight indeed is the true
weight of the edge: we replace su,3 = ? with the corresponding value in v, i.e., sv,3 = −1, via
line 5 in Algorithm 2.
Case 2: When, given a column, both entries are unknown. If u = (+1,+1, ? ,+1)
and v = (+1,−1, ? ,+1), we would still calculate the weight the same way as above. Hence,
w({u, v}) = 1. However, if this edge was chosen in line 6 of Algorithm 1, we could keep the
weight the same by merely ensuring that both u and v have the same value in the third column,
i.e., su,3 ≡ sv,3. Hence, we create and save the constraint that the third column of u and v must
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Algorithm 1 Construct a sign-minimizing spanning tree for the columns of S.
Input: A [|C|]× [|V|] sign-matrix S = [sij ]
Output: Spanning-tree of the rows.
1: l← 0; F ← {}; w : Z2 → R; Z ← [|C|]; Y ← [|V|]
2: while l < |C| do
3: for u ∈ Z, v ∈ [|C|]; (u, v) ∪ F is cycle-free do
4: w({u, v}) += |{j ∈ Y | suj 6= svj ∧ suj 6= ? ∧ svj 6= ? }|
5: end for
6: {u∗, v∗} ← argminw(·); S, Y, Z ← Update({u∗, v∗},S)
7: F ← F ∪ (u∗, v∗); l← l + 1;
8: end while
9: return F
Algorithm 2 Update procedure used in Algorithm 1.
Operation
E←−−
Y,Z
assigns RHS to all entries equivalent to the LHS in E (line 9) and updates Y, Z.
Input: {u, v} edge chosen; and S = [sij ] sign-matrix;
Output: Updated S and all rows/columns with updated signs.
1: // E initialized as an empty set and persisted across calls.
2: Z ← {}; Y ← {}
3: for j ∈ [|V|] do
4: if suj = ? and svj 6= ? then
5: suj
E←−−
Y,Z
svj
6: else if suj 6= ? and svj = ? then
7: svj
E←−−
Y,Z
suj
8: else if suj = ? and svj = ? then
9: E ← E ∪ (suj ≡ svj)
10: end if
11: end for
12: return S, Y, Z
always have the same value in line 9 of Algorithm 2. Now, say a few steps into the creation
of the spanning tree, we find that the missing value in u has to be set to −1 as it was being
picked as part of an edge under Case 1 above. Then, we can also set the same value in the
third column of v, i.e., sv,3 ← +1, via line 5 in Algorithm 2. Note that since each column in S
contains at least 1 entry which is ±1, as each voter has voted at least once, we will eventually
hit Case 1 and fill in all missing entries. This process is illustrated in Figure 3, where the first
step creates an equivalence s13 ≡ s23, and the second step fills in the missing entires with s33.
Note that we are conservative and greedy while filling in the missing entries, i.e., the edge
selected at the lth step will have the same weight w(e) at the lth iteration if the algorithm was
to be run on the filled matrix and it will be the minimum weight amongst all valid edges at step l
(though the edge may not be unique in having that weight). Additionally, our algorithm ensures
that the weight of the edge selected at iteration l is the minimum possible, given the history of
selections. After obtaining a spanning tree, one can walk the tree by performing a depth-first
search starting from any source node and create a permutation of the rows by dropping the
duplicate nodes in the walk. Hence, we can obtain S′ ∈ Sym(S) and report SC(S′) + 1 as r.
Then, we can establish the upper bound on the dimension by using the following series of
self-evident inequalities: sign-rank(S) ≤ sign-rank(S′) ≤ SC∗(S′) + 1 ≤ SC(S′) + 1.
Finally, we would like to highlight that the spanning tree algorithm presented above mini-
mizes the average number of sign-changes in S′. Welzl et al. [36] also describe a variant of the
algorithm which produces guarantees on the worst case number of sign-changes in S′; the way
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the weight w(·) is calculated is more involved in the variant. This variant was used by Alon
et al. [2] to design the first polynomial time algorithm with approximation guarantees for the
sign-rank of the matrix S′. Remarkably, the Update procedure in Algorithm 2 can be ported
to that variant without any changes, to complete a partially observed matrix S matrix with
worst case guarantees as well. However, that version is computationally more expensive, more
complex, and does not offer significantly better results in practice in our dataset. Hence, for
ease of exposition, we have described the simpler of the two versions.
Computational complexity. The computational complexity of Algorithm 1 can be deter-
mined by the computations needed for each missing element in the matrix S. Except on the
first initialization iteration (l = 0), the loop on line 3 will be executed once for each missing
element (u, i) in the initial S, right after sui is fixed via Update. Hence, the work done for
each missing entry, in the worst case, will be incrementing w(·) by 1 ∀v ∈ [|V|] such as suj 6= svj
in the loop on line 3. This can be done in O(|C| log |C|) time if w(·) is implemented as a priority
queue. As there are at most |C| × |V| missing entries, the computational cost of Algorithm 1 is
O(|C|2|V| log |C|). All other operations, i.e., initialization of w(·), calculating argmin, checking
for cycles in the tree, the creation of an walk, maintaining E , etc., have lower complexity.
Remark. In our implementation, we do a (non-exhaustive) search over walks with different
sources to improve our estimate of r and break ties in calculating the argminw(·) randomly.
Also, as sign-rank(S) = sign-rank(ST ), we run the algorithm on both matrices and report the
smaller value.
4 Multisided Opinion Estimation
Given an online discussion, we infer the corresponding r-dimensional opinions C and V for the
deterministic and probabilistic voting models introduced in Section 2 as follows.
Deterministic voting model. By definition, under the deterministic voting model, we know
that the corresponding r-dimensional opinions V and C and the partially observed sign matrix
S need to satisfy the following inequalities:
∧
(i,j)∈Ω
sij
(
r∑
k=1
cik · vjk
)
> 0 (5)
where cik and vjk are the k-th entry of the opinions ci and vj , respectively, and Ω is the set
of observed entries in S. However, we also know from Section 3 that, for each voting pattern,
there will be a minimum dimension rmin under which such an opinion embedding will not exist.
This reduces the problem of finding the opinions V and C to the existential theory of
reals [35] and, for small values of r and moderate number of comments and voters, |C| and |V|,
this problem can be solved via a procedure called quantifier elimination [19], using, e.g., the
solver Z3 [12]. This procedure eliminates the inequalities in the disjunction in Eq. 5 one by one
by discovering subsets of Rr×(|V|+|C|) where they are satisfied, backtracking to select a different
region when an inequality cannot be satisfied, and using sound heuristics to prune the search.
The procedure terminates when any assignment to each variable is found or when all regions
of Rr×(|V|+|C|) are eliminated.
Note that, if r < rmin, the solver will conclude that the problem is unsatisfiable. Hence, by
iteratively increasing r and checking for satisfiability of Eq. 5, one could determine the true sign-
rank of any matrix S. However, as the most efficient method known for quantifier elimination
is doubly exponential in the number of variables, calculating the minimum dimension r in this
way would be computationally more expensive than using the polynomial algorithm introduced
in Section 3.
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Dim. Discuss. |C| |V| Patterns
1∗ 1,139 19.7± 16.7 19.9± 20.1 16.2± 14.8
2∗ 2,820 51.5± 85.4 57.6± 75.2 46.0± 57.3
3 97 43.7± 35.3 56.0± 34.5 45.4± 24.6
4 88 148± 147 195± 194 149± 125
5 245 247± 272 296± 267 218± 179
6 126 445± 461 470± 366 354± 275
7 89 598± 555 706± 518 512± 355
≥ 8 112 2596± 2867 2785± 2540 1831± 1602
Table 1: Number of comments, voters and unique voting patterns seen in the dataset for
discussions with different dimensions. The numbers in each column are the mean values ± the
standard deviation. Dimensions marked with ∗ indicate that they were determined using Z3 and
are the true dimensions of the discussions. Our algorithm was used to estimate the dimension
of other discussions. While the dimension of discussions is positively correlated with the size
and participants, discussions of different complexity can be found on the entire spectrum, as is
also shown in Figure 5.
Probabilistic voting model. Given a partially observed matrix S, under the probabilistic
voting model, we estimate V and C by solving the following constrained maximum likelihood
estimation problem with hyperparameter α:
maximize
C,V
−
∑
(i,j)∈Ω
log
(
1 + exp
(− sij 〈ci,vj〉 ))
subject to ||C||∞ ≤ α,
||V ||∞ ≤ α.
(6)
The structure of the above problem allows us to adapt an efficient 1-bit matrix completion
method based on stochastic gradient descend [7]. Finally, note that unlike in the deterministic
model, for each voting pattern and dimension r, there will always exist opinions C and V that
best fit the data.
Remark. In both models, the estimated opinions are unique up-to orthogonal transformations
since the inequalities in Eq. 5 and the likelihood in Eq. 6 only depend on entries of CV T and
(CO)(V O)T = C(OOT )V T = CV T for any orthogonal matrix O.
5 Experiments
Data description. Our dataset contains ∼19,800 online discussions, each associated to an
article from Yahoo! News (including contributed articles), Yahoo! Finance, Yahoo! Sports,
and the Newsroom app, which contain ∼5 million votes, cast by ∼200,000 voters on ∼685,000
comments, posted by ∼151,000 users. These votes were randomly sampled from all votes which
were cast on comments made by users in the US on August 8, 2017.
As a pre-processing step, we discard discussions with less than 10 comments, as they contain
too little data to provide meaningful results. After this step, our dataset consists of 4,700
discussions, with ∼4.5 million votes, cast by ∼199,000 voters, on ∼645,000 comments, posted
by ∼137,000 users. Figures 4a and 4b show the richness of the data in the votes gathered in
the online discussions by means of the sparsity of S and the number of unique columns of S,
which we name as voting patterns.
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Figure 4: Distribution of number of observed elements and fraction of unique voting patterns
in matrix S (Panel a and b) and performance of our algorithm for dimension estimation (Panel
c and d). Panel (a) shows that S for most discussions is very sparse and Panel (b) shows
that many S have overlapping voting patterns. Panel (c) and (d) show that for discussions
whose opinions can be explained using two (three) dimensions, our algorithm recovers the true
dimension for 48% (46%) of the discussions and is off by one for 37% (44%) of them.
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Figure 5: Panels (a), (b), and (c) show the distribution of the number of comments |C| per
discussion for different dimension values. The distributions of the number of voters and voting
patterns show similar spread. Panel (d) shows the lexical similarity of an online discussion
against its dimension. The lexical similarity is the mean Jaccard similarity of the lexical tokens
used in all pairs of comments in the discussion. The discussions are classified by the number
of comments as small (smallest 33%), medium, and large (largest 33%) and data is shown only
for dimensions which contain more than 5 discussions.
Complexity of discussions. In this section, we compute the complexity of the discussions,
i.e., the dimensionality of the latent space of opinions, for the online discussions in our dataset.
For each online discussion, we determine whether it can be explained using an unidimensional
space of opinions using the linear time algorithm presented at the beginning of Section 3. If it
cannot be explained using one dimension, we determine whether it can be explained using a two-
or three-dimensional space of opinions via quantifier elimination2, following Section 4. Finally,
if it cannot be explained using two or three dimension, we resort to the algorithm presented in
Section 3, which provides an upper bound on the true dimension.
Table 1 summarizes the results, which show that the opinions of about 1,139 (25%) of the
discussions can be explained using one dimension, 2,820 (60%) of the discussions require two
dimensions, while the remaining 757 discussions (15%) require a higher number of dimensions.
This allows us to conclude that the opinions in most of the online daily discussions (85%) can
be explained using a latent space of relatively low dimensions, i.e., r ≤ 3. Moreover, while
discussions with a higher number of participants (|C| + |V|) and richness (i.e., higher number
of voting patterns and lower sparsity) require, in general, a latent space of opinions with a
larger number of dimensions, there is a large variability spanning the entire spectrum of online
discussions, as shown in Figures 5a, 5b, and 5c.
2In practice, we found quantifier elimination to be sufficiently scalable to test whether an online discussion
can be explained using up to two dimensions.
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Figure 6: Panel (a) and (b) show vote prediction accuracy for the deterministic voting
model (DVM), the probabilistic voting model (PVM), a state of the art matrix factorization
method [25] (MF), and a logistic regression classifier [28] (LR) using textual features extracted
using Rake [32]. The performance for DVM, PVM and MR uniformly increases as the number
of unique voting patterns increases, in contrast, the performance for LR remains relatively con-
stant. Panel (c) and (d) show agreement and percentage of upvotes among all votes in online
discussions. Agreement is measured in terms of percentage of comment pairs (ci, cj) for which
cTi cj > 0. The higher the dimension of the latent space of opinions, the lower the agreement
between comments, however, such finding would not be apparent directly from the fraction of
upvotes, which remains relatively constant.
Next, we evaluate how tight is the upper bound on the true dimension provided by our algo-
rithm for online discussions, which we used above for discussions whose dimension we could not
find using quantifier elimination. To this aim, we run our algorithm on discussions whose true
dimension we could find using quantifier elimination and compare the upper bound with the
true dimension. Figure 4 summarizes the results, which show that, for discussions whose opin-
ions can be explained using two (three) dimensions, our algorithm recovers the true dimension
for 48% (46%) of the discussions and is off by one for 37% (44%) of them.
Finally, we investigate the relationship between the complexity of the discussions, estimated
using human judgments, and their linguistic diversity, estimated using textual features. To
this aim, for each online discussion, we compute the average Jaccard similarity of the lexical
tokens used in all pairs of comments as a measure of lexical similarity. Figure 5d summarizes
the results, which show a positive correlation between the complexity of a discussion and its
linguistic diversity, as one may have expected.
Opinions in online discussions. In this section, we first evaluate both quantitatively and
qualitatively the quality of the estimated r-dimensional opinions in the online discussions and
then leverage the estimated opinions to shed some light on the level of controversy in online
discussions. Here, we used the opinion estimation method for the probabilistic voting model
introduced in Section 4, which scales graciously with the dimension r.
In terms of quantitative evaluation, we assess to which extent the deterministic voting model
(DVM) and the probabilistic voting model (PVM) can predict whether a voter will upvote or
downvote a comment from the estimated opinions in comparison with two baseline methods:
(i) a state of the art matrix factorization method [25] (MF), which assumes the entries in S
are real valued, and (ii) a logistic regression classifier [28] (LR) that uses 200,000 keywords
extracted using Rake [32] as features. To this aim, for each discussion, we held out some of
the observed upvotes and downvotes, estimate the opinions from the remaining votes, and then
predict the votes from the held-out set. However, since our data is very sparse, as shown in
Figure 4a, and even holding out a small fraction of votes may change the underlying dimension
of the latent space of opinions, we resort to leave-one-out validation. Moreover, we randomly
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C0 C1
C2
C3
C4
C5
Estimated opinions
−1 1
C0C1C2 C3 C4C5
Sentiments
C0:
[. . . ] [Donald Trump] has [. . . ] Enquirersa [which] he considers
a treasure trove of information.
C1: He should change his name to Donald J Dubious.
C2:
[. . . ] Trump can be an #$%$, and Islam can be cancer [. . . ] they
are not mutually exclusive [. . . ]
C3: Why not? Try anything. Terrorism has got to stop now!
C4: It is a great idea
C5: Trump family motto-“It’s not a lie if you believe it.”
aNational Enquirers is a well known entertainment magazine in US.
Figure 7: A subset of comments and estimated opinions for an online discussion about politics.
Two pairs of comments, (C0, C1) and (C3, C4), express a similar opinion, however, the lexical
overlap between comments within each pair is low. Remarkably, our method is able to identify
they are similar, as a human would do, by leveraging the judgements of the voters, and their
estimated opinions lie close to each other in the latent space of opinions. Moreover, the estimated
opinion of a comment expressing an opposite view to the ones above, C2, lies in an orthogonal
direction.
select 200 discussions to tune the hyperparameters of the probabilistic voting model and these
discussions are excluded from the validation set. Figure 6 summarizes the results, which show
that:
(i) DVM (PVM) beats all other methods for discussions with dimension 1 (2).
(ii) The performance of DVM, PVM and MF increases as the number of unique voting patterns
in the dataset increase, in contrast, the performance of LR, which uses text features, does
not benefit much from additional voting patterns.
(iii) While for discussions where opinions can be explained using two dimensions, PVM achieves
better performance, for discussions which require only one dimension, DVM beats PVM.
A potential explanation for this behavior is that, whenever humans face simpler decisions,
i.e., their opinions can be explained using one dimension, they become more predictable.
In terms of qualitative evaluation, we first assess to which extent comments in online dis-
cussions agree (or disagree) by analyzing the estimated opinion embeddings of the comments.
More specifically, for each online discussion, we compute the percentage of distinct comment
pairs (ci, cj) for which c
T
i cj > 0 and compare this quantity with the percentage of upvotes
among all votes (upvotes and downvotes). Figure 6c summarizes the results, which show that
the higher the dimensionality of the latent space of opinions, the lower the agreement between
comments, as one may have expected. Remarkably, such finding would not be apparent directly
from the relatively constant fraction of upvotes. However, relative upvotes are typically the
measure of controversy (or, rather, consensus) employed by various websites, like Reddit, to
sort articles/comments.
Finally, we take a close look into the comments, inferred multidimensional opinions and
unidimensional sentiment3 of a discussion about politics, shown in Figure 7, and a discussion
3Comment sentiments were calculated using Convolutional Neural Networks trained on Stanford Sentiment
Treebank [20, 34].
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C0 C1
C2 C3
C4
Estimated opinions
−1 1
C0 C1C2 C3C4
Sentiments
C0: You can forget about $16 for a while.
C1: Bye-Bye twitter sweet 16.
C2:
[. . . ] when world leaders speak, they turn to Twitter first. [. . . ]
How is it trading at $16? [. . . ] How come Dorseya can’t mone-
tize this instantaneous platform?
C3:
[. . . ] It’s about time [for] more positive news to get it [. . . ] up
again. [. . . ] Seems to have support $16ish. [. . . ]
C4:
[Wall Street/CNBC] only want to pump [selective] stocks [. . . ]
Twitter of China, Weibo, is selling for $88.00 a share [. . . ]
aJack Dorsey, CEO of Twitter
Figure 8: A subset of comments and estimated opinions for an online discussion about finance
(price of Twitter stock). There are two distinct issues being discussed: (i) the objective price of
the stock (C0, C1, C2, C3) and (ii) a subjective discussion about reasons for the supressed price
(C2, C4). C0 and C1 say that the price will stay below $16 (using some humor), while C2 and
C3 suggest that the price may rise up. C4 suggests Wall Street/media bias against the stock
and is neutral about the price of stock, while C2 questions the management of the company
instead.
about finance, shown in Figure 8. The discussion about politics shows that, even if the lexical
overlap between comments which express a similar opinion is low, e.g., C0 and C2 or C4 and
C5, our opinion estimation method is able to identify they are similar, as a human would do, by
leveraging the judgments of the voters. Note that, due to their low lexical overlap, it would be
difficult to identify such similarity using methods based on textual analysis, as revealed by the
unidimensional sentiments. The discussion about the price of Twitter stock (see Figure 8) shows
that our method is able to capture objective opinions about the price (whether it stays at $16
or goes up, C3, or stays down, C0 and C1), along one axis and subjective opinions questioning
the reason behind the price drop along a different axis (suggesting management is the reason,
C2, or media bias/corruption in Wall Street, C4). Note that C2 suggests both, that the price
should go up, and that the reason for the decrease is the management. Also in this case, an
analysis of the unidimensional sentiments would not reveal these rich relationships among the
comments.
6 Conclusion
In this work, we have proposed a modeling framework to generate latent representations of
opinions using human judgments, as measured by online voting. As a consequence, such repre-
sentations exhibit a remarkable semantic property: if two opinions are close in the latent space
of opinions, it is because the voters—the crowd—think that they are similar. Our modeling
framework is theoretically grounded and establishes an unexplored, surprising connection be-
tween opinion and voting models and the sign-rank of a matrix. Moreover, it also provides a
set of practical algorithms to both estimate the dimension of the latent space of opinions and
infer where opinions expressed in comments and held by voters lie in this space. Experiments
on a large dataset from Yahoo! News show that many discussions are multisided and avoid
falling prey to demagoguery, provide insights into human judgments and opinions, and show
that our framework is able to circumvent language nuances, e.g., sarcasm and humor, by relying
on human judgments.
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Our work also opens up many interesting venues for future work. For example, our measure
of complexity—the dimension of the latent space of opinions—may be a good starting point
to develop theoretically grounded measures of polarization [9, 26, 10] and controversy [15, 14],
which have been lacking in the literature. Moreover, it would be very interesting to augment our
modeling framework to also incorporate, in addition to the voting data, the textual information
in the comments, the identity of commenters, and their trust-worthiness. Besides increasing
the accuracy of our method, these may aid the interpretability of the dimensions as well. Our
algorithm for determining the minimum dimension under which the opinion space is able to
explain the voting data exhibits weak theoretical guarantees though it performs well on real-
data. It would be interesting to develop exact algorithm by adapting recent advances in exact
sign-rank estimation [6, 4].
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